Mixtures of hard hyperspheres in odd space dimensionalities are studied with an analytical approximation method. This technique is based on the so-called rational function approximation and provides a procedure for evaluating equations of state, structure factors, radial distribution functions, and direct correlations functions of additive mixtures of hard hyperspheres with any number of components and in arbitrary odd-dimension space. The method gives the exact solution of the Ornstein-Zernike equation coupled with the Percus-Yevick closure, thus extending the solution for hard-sphere mixtures [J. L. Lebowitz, Phys. Rev. 133, 895 (1964)] to arbitrary odd dimension. Explicit evaluations for binary mixtures in five dimensions are performed. The results are compared with computer simulations and a good agreement is found.
INTRODUCTION
Systems made of hard bodies, i.e., impenetrable particles interacting solely through hard-core repulsions constitute useful simple fluid models [1] . Multicomponent hard-sphere mixtures serve as important reference systems in condensed matter and are relevant for understating the behavior of complex fluids with additional inter-particle interactions, such as those in colloidal systems. These simple models capture the main features of the packing effects at short distances as they occur also in fluids governed by additional, attractive interactions. Besides, the knowledge of the structural properties of hard sphere fluids is a prerequisite for treating attractive interactions perturbatively and within a density functional theory approach.
The study of d-dimensional hard-sphere fluids may prove to be a useful guide in investigating the solution of the three-dimensional (3D) problem, apart from its own importance at a fundamental level. This explains the continued interest on hard-hypersphere systems found in the literature along the years . However, multicomponent fluids at dimension d > 3 have received much less attention and the available information is rather sparse. The performed studies reduce to some evaluations of equations of state and virial coefficients [18, 30, 34, 44] , phase transition analyses [37] , and computer simulations [40] . To our knowledge, none of the widely used mechanical-statistical theories (e.g., integral equation theories) have been applied to these systems. * Electronic address: rohr@icate-conicet.gob.ar; URL: http://icate-conicet.gob.ar/rohrmann † Electronic address: andres@unex.es; URL: http://www.unex.es/eweb/fisteor/andres The Percus-Yevick (PY) theory [75] is one of the classical approximations of liquid-state theory and, certainly, one of the most widely used. In the case of hard particles, exact PY solutions have been found for single-component fluids in odd dimensions, d = 1 [76] , d = 3 [77, 78] , d = 5 [3, 7] , d = 7 [45, 62] , d = 9, 11 [65] , and also recently for even dimensions, d = 2 [79] and d = 4, 6, 8 [67] . Nevertheless, in the case of mixtures, PY solutions were provided only for the 3D fluid [80, 81] , apart from the exact solution known for the mixture of hard rods [82] . The present work is an attempt to cover the gap on hard particle mixtures at dimensions higher than three using the so-called rational function approximation (RFA).
The RFA approach was originally developed for hardsphere fluids [83] . The method was successfully applied to other related systems [84] , such as hard-sphere mixtures [81] , sticky hard spheres [85] [86] [87] , square-well fluids [88, 89] , penetrable spheres [90] , and one-component hyperspheres [65, 69] . As we showed in Ref. [65] , the RFA method, in its simplest version, recovers the exact PY solution for one-component hypersphere fluids in any space of odd dimension.
The aim of this paper is to extend the RFA theory to additive mixtures of hyperspheres in odd-dimensional Euclidean space. It is shown that the RFA method yields the exact solution of the Ornstein-Zernike (OZ) equation with the PY closure. While the method is generalized to any odd dimension, we focus in particular on the solution for the five-dimensional (5D) system.. For this system, we analyze some of its thermodynamic and structural properties in the case of binary mixtures, and compare them with available simulation data.
The remainder of this paper is organized as follows. Section II briefly describes some basic quantities of the equilibrium theory for multicomponent fluids of hard hyperspheres. In Sec. III, we introduce a Laplace functional associated with the fluid structure factors and derive its general properties. In Sec. IV, we present the extension of the RFA method to mixtures. Explicit formulation for the 3D and 5D cases are given in Sec. V, where compelling arguments about the equivalence to the PY solution are offered. Detailed evaluations for binary mixtures in d = 5 are presented in Sec. VI. Section VII is devoted to the conclusions. The most technical aspects of the paper are relegated to Appendices.
II. GENERAL BACKGROUND
It is useful to give here some definitions that will be used in the following. Let ρ be the total number density of an N -component hypersphere mixture, let {x i } (with i = 1, . . . , N ) be the set of mole fractions, and let {σ i } be the set of diameters. The overall packing fraction is η = N i=1 η i , where
is the partial packing fraction due to species i. Here v d is the volume of a d-dimensional sphere of unit diameter. For d = odd,
The structure factor S ij (k) for the particle pair (i, j) is given by
where
is the Fourier transform of the total pair correlation function h ij (r), related to the radial distribution function (rdf) g ij (r) by
The compressibility factor Z may be written as 6) where p is the pressure, k B is the Boltzmann constant, T is the temperature,
denote the moments of the diameter distribution, and
is the contact value of the rdf, σ ij being the minimum possible distance between particles i and j. For additive mixtures considered here one has
The isothermal susceptibility χ is given by
x i x j c ij (0), (2.9) where c ij (k) is the Fourier transform of the direct correlation function c ij (r), which is defined by the OZ equation,
In matrix form, the OZ relation can be rewritten as (see, e.g., Ref. [81] ) 11) where I is the N × N unit matrix and c(k) and h(k) are N × N matrices with elements ρ √ x i x j c ij (k) and ρ √
x i x j h ij (k), respectively. The compressibility equation of state (2.9) can be written as 12) where in the last step use has been made of Eq. (2.11).
In particular, in the case of binary mixtures (N = 2), χ takes the form
(2.13) The zero wavenumber value of h ij (k) can be expressed as
is the mth moment of h ij (r).
III. THE LAPLACE FUNCTIONAL Gij (s)
A. Definition
In analogy to the case of one-component fluids [65] , we introduce the Laplace functional of the rdf in a Euclidean space of odd dimension d as
which is defined in terms of the reverse Bessel polynomial θ n (t) of degree n = (d − 3)/2:
More details of these polynomials and their properties can be found in Ref. [65] . Here, we recall that the Fourier transform of the total correlation functions can be expressed in terms of G ij (s) as (see Appendix A)
The structure factors readily follow from Eq. (2.3). We note that the knowledge of G ij (s) allows us to obtain all the structural and thermodynamic properties of a multicomponent hard d-sphere fluid.
B. Gij (s) at long and short wavenumber
Being g ij (r < σ ij ) = 0 for hard-hypersphere fluids, from Eq. (3.1), one obtains at long s [65] 
This equation determines the contact values of the radial distribution function and we will use this to obtain the virial equation of the state of the fluid through Eq. (2.6).
On the other hand, from Eqs. (3.1) and (A6), G ij (s) may be written in terms of the total correlation function as
The Taylor expansion of e −sr yields [65]
where the numerical coefficients α n,m are given by
The first n coefficients α n,m with m = 2q + 1 = odd (q = 0, . . . , n − 1) vanish [65] . Therefore, (2.14) .
In summary, the behaviors of G ij (s) at long and short s are directly connected to the thermodynamic variables Z and χ, respectively.
The lowest terms in the density expansion of the rdf, 12) where Θ(x) is Heaviside's step function and Ω a,b (r) is the intersection volume of two hyperspheres of radii a and b whose centers are separated by a distance r ≤ a + b. In Laplace space, one has
14)
In Eq. (3.14) use has been made of Eq. (A7). To obtain G
ijℓ (s) we first need the overlap volume Ω a,b (r). An explicit expression for the latter quantity, valid for arbitrary radii and d = odd, is derived in Appendix B [see Eqs. (B10) and (B16)]. Figure 1 shows graphs of the scaled intersection volume between two hyperspheres of radii σ 1 and σ 2 ≥ σ 1 as a function of the center separation r (in rescaled units) for the first six odd-dimensions (d = 1, 3, . . . , 11), and for several size ratios σ 2 /σ 1 .
Inserting Eq. (B10) into the definition of G
ijℓ (s) we get where we have taken into account that σ ij ≥ |σ iℓ − σ jℓ | = |σ i − σ j |/2. It can be checked that G (1) ijℓ (s) has the following structure:
18) where Q ijℓ (s) is a polynomial of degree 3n+4 = (3d−1)/2 which can be further decomposed as
It is worth pointing out that all the equations in this section and in Sec. II are exact.
IV. THE RATIONAL FUNCTION APPROXIMATION
In this section, we describe the RFA method to obtain the functional G ij (s), which in turn allows us to obtain the structural and thermodynamic properties of the hypersphere mixture. The method presented here is, on one hand, an extension to mixtures of the one recently applied to one-component systems of hyperspheres [65] and, on the other hand, an extension to hyperspheres of the one already proposed for mixtures of hard spheres (d = 3) [81] .
The approximation we propose consists of assuming the following functional form
where L(s) and B(s) are N × N matrices given by
Here L m , 0 ≤ m ≤ n + 1, are N × N matrices whose elements may depend on the fluid density, the particle diameters, and the mole fractions of the system, but are independent of s. Therefore, L(s) has a polynomial dependence on s of degree n+1 = (d−1)/2. Besides, Φ m (s) are diagonal matrices with elements given by
The series expansion of B(s) and its asymptotic long-s value are given in Appendix C. The parameter δ in Eq. These cases constitute two alternative choices of the analytical representation for G ij (s) which, however, yield identical physical results (each one with its particular quantities L m ). In the functional form (4.1) for G ij (s) we are using the constraints derived in Sections III B and III C. In particular, as shown in Appendix D, Eq. (4.1) is consistent with the exact low-density expansion given by Eqs. (3.13), (3.14), (3.15), (3.18), and (3.19).
The number n + 2 of terms in the representations of L(s) and B(s), Eqs. (4.2) and (4.3), is the minimum one required to verify the correct behavior of G ij (s) at large s. In fact, Eqs. (3.5) and (4.1) yield
with B(∞) given by Eq. (C11). With the normalization choice δ = 1, the contact values g ij (σ
Now we want to determine the n + 1 coefficients L m . This is done by requiring consistency with Eq. (3.9). First, let us rewrite Eq. (3.7) as
where we have introduced the matrices Γ m as
Next, we note that
Consequently,
with
where the symbol ⊗ denotes a matrix product "element to element": (A ⊗ B) ij ≡ A ij B ij . Apart from the introduced notation, Eq. (4.13) is totally equivalent to Eq. (3.7). Now, according to the RFA form (4.1),
and the matrices B k are given by Eqs. (C5) and (C6). From a power analysis of (4.15), one obtains
with the convention L ℓ = 0 if ℓ > n + 1. If we choose δ = 0, the first relation in (4.17) (i.e., ℓ = 0) is trivially solved and yields
Since, as said below Eq. (3.8), the first n coefficient α n,m with m = odd ≤ 2n − 1 vanish, we have
The property (4.19) can be used, together with Eq. (4.17) with ℓ = even ≤ 2n + 2, to express the matrices Γ 2m , 0 ≤ m ≤ n, in terms of the matrices L ℓ by means of the recursion relation
where we must adopt the convention (Γ −2 ) ij ≡ 1. Similarly, from Eq. (4.17) with ℓ = odd ≤ 2n + 1 one obtains .21). In the case of hard-sphere mixtures (d = 3) it is possible to find an analytical solution, as proved in Ref. [81] . The solutions of Eq. (4.21) that are physically meaningful are those that verify the correct behavior in the limit ρ → 0. For δ = 0, we find from Eqs. (3.13), (3.14), and (4.1) 22) where the coefficients ω n+1,m of the reverse Bessel polynomial θ n+1 (t) are given by Eq. (3.2). Alternatively, when all particle diameters adopt the same value (say σ ij = 1 ∀i, j), we must recover the pure-fluid solution, which only depends on density or packing fraction (but not on the mole fractions), i.e.,
where the functions a m (η) are defined in Ref. [65] . Appendix E shows that the one-component solution [65] is actually recovered from the approach (4.1). [65] .
Once the solutions of Eq. (4.21) are obtained, they may be used in Eq. (4.7) to obtain the contact values of the pair radial distribution functions and, subsequently, the compressibility factor in the so-called virial route using the equation of state (2.6). Its expression reads
(4.24) Furthermore, the isothermal susceptibility χ of the fluid may be evaluated by means of the thermodynamical formula (2.9), using the relation resulting from Eq. (2.14) and the definition of Γ m in Eq. (4.10),
with Γ 2n+1 given by
which proceeds from Eq. (4.17) at ℓ = 2n + 3, taking into account that L 2n+3 = 0. The values of the isothermal susceptibility can be used then to obtain the compressibility factor in the so-called compressibility route as
Of course, the structure factors and total correlation functions can be obtained easily with Eqs. 
V. EXPLICIT EXPRESSIONS
In this section, we briefly revise the RFA solution for mixtures of hard spheres (d = 3, n = 0) and derive results for 5D hyperspheres (d = 5, n = 1). The 3D analysis from the present framework is useful as a guide for subsequent applications of the RFA method to mixtures in higher dimensions. Here we use the version of the RFA approach based on the choice δ = 0.
For simplicity, henceforth, we introduce the following matrix notation 
. Some inversion properties involving these matrices are proved in Appendix F.
A. Hard-sphere mixtures 
we must determine B(∞). From Eq. (C11) (with δ = 0),
)
Using the relation (F4), it results
The matrix products on the right-hand side of Eq. (5.6) are 
Its application in Eq. (2.6) gives the pressure equation in the virial route obtained by Lebowitz [80] .
On the other hand, thanks to Eq. (5.5), it is possible to solve Eqs. (4.25) and (4.26) analytically. The result is
The use of (5.18) into (2.13) yields the PY solution for the isothermal susceptibility χ, which agrees with that given by Ashcroft and Langreth [91] for a binary mixture of hard spheres.
B. 5D mixtures
For a fluid of hyperspheres in d = 5 (n = 1), the functional G ij (s) takes the form, 
Finally, using Eq. (4.21) with m = 1, and the relations (5.21) and (5.22), we obtain the following quadratic equation for L 2 :
, (5.25)
26)
27)
Due to the fact that Eq. (5.24) is quadratic in L 2 the evaluation of the structure functions is now considerably more complex than in the three-dimensional case. In general, solutions of (5.24) must be worked out numerically.
Binary systems can be completely specified by the total packing fraction η, the concentration of one component (say x 2 ), and the diameter ratio σ 2 /σ 1 . For arbitrary and finite values of these parameters, Eq. (5.24) yields four solutions L 2 that can be obtained analytically, one of which being the physical root that verifies the convergence conditions (4.22) and (4.23).
C. Direct correlation functions
The knowledge of the Laplace functions G ij (s) allows one to obtain the direct correlation functions via Eqs. (2.11) and (3.3). Although we have not attempted a formal proof, we have checked that in the binary case the structural form of c ij (k) is
where P ij (s) and Q ij (s) are polynomials of degrees (3d − 1)/2 and d − 1, respectively. Moreover, the quantity enclosed by square brackets is of order k 2d , so that c ij (0) is finite, as required by Eq. (2.12) and enforced Zv + 3 5 Zc.
through Eq. (3.9). The direct correlation functions in real space, c ij (r) are obtained from Eq. (5.29) by means of Eq. (A2). The important point is that, upon application of the residue theorem, the structure given by Eq. (5.29) implies that c ij (r) = 0 for r > σ ij [65] . Since the RFA also complies with the physical requirement g ij (r) = 0 for r < σ ij , we recover the two conditions defining precisely the PY closure to solve the OZ equation. Therefore, we find that the RFA developed in this paper yields the PY solution for hard-hypersphere mixtures of odd dimensions. This is a remarkable result since both approaches (RFA and PY) are, in principle, rather independent.
VI. RESULTS FOR 5D BINARY MIXTURES
Here we consider a mixture of two types (i = 1, 2) of 5D spheres with arbitrary diameters σ i and concentrations x i . For simplicity we fix σ 1 = 1. . We observe that Z c and Z v bound both the simulation data and the proposal of Ref. [34] , with Z c slightly above and Z v slightly below. The agreement is very good at low densities (packing fraction lower than 0.1) and reasonably good over the whole density range (0 ≤ η < 0.19) of fluid phase predicted for the onecomponent system. In general, the compressibility route gives better results than the virial one. A similar relation Z v < Z < Z c , with Z being the actual compressibility factor, has been observed for the PY solution of the pure 5D system [65] . Figure 3 also includes the interpolation formula Z = [38] . This Carnahan-Starlinglike recipe presents a very good agreement with simulation data and is practically indistinguishable from the semi-empirical equation of state proposed in Ref. [34] , except for x 2 = 3 4 and η > 0.15. Unfortunately, no simulation data are available in those cases.
Next, it is instructive to examine the size ratio dependence of the compressibility factor. Figure 4 compares values of Z v obtained from the RFA-PY solution via the virial route with those calculated from the analytical expression given in Ref. [34] . These evaluations correspond to a packing fraction η = 0.15 and a set of molar fractions ranging from x 2 = 1 32 to x 2 = , and 1 32 (solid lines). As x2 is reduced, the curves converge to the solution of the pure fluid (dashed lines).
ulation data available for this analysis). The differences between both calculations (at most 9%) are similar to those observed before. Now we analyze the structure and correlation functions. Instead of the conventional structure factors S ij , we consider some combinations of them which may be easily associated with fluctuations of the thermodynamic variables [91, 93] :
In the limit of small wavenumber (k → 0), S N N and S cc become the mean square fluctuations in the particle number and concentration, respectively, whereas S N c is the correlation between these two fluctuations. We plot in Fig. 5 the number-concentration structure factors for a packing fraction η = 0.15, a diameter ratio σ 2 /σ 1 = (dotted line), 3 4 (dashed line), 7 8 (long dashed line), 15 16 (dashed-dotted line), and 31 32 (long dashed-dotted line). The pure-fluid solution is displayed for comparison (solid line).
one-component fluid in this limit (dashed line). Notice that S N N and S cc are positive for all k by definition. The main modifications of the structure factor S N N with increasing x 2 are the variation of height of the main peak, with its position very weakly altered, and an increase of the values at short k.
Evaluations of the direct correlation functions defined (in the Fourier space) by the OZ equation (2.10) are shown in Fig. 6 . The results correspond to an equimolar mixture for different diameter ratios from σ 2 /σ 1 = 1 2 to nearly equivalent hypersphere sizes, σ 2 /σ 1 = 31 32 . In the limit σ 2 /σ 1 → 1 the three correlation functions c ij (r) become identical and match the pure-fluid values. Figure 6 clearly shows that the direct correlation functions c ij (r) vanish for r > σ ij , thus confirming that the RFA method yields solutions of the PY closure to the OZ equation, as discussed in Sec. V C. Figures 7 and 8 show the radial distribution functions g ij (r) of a highly asymmetric binary 5D-sphere mixture with σ 2 /σ 1 = [6] . We see that the RFA-PY solution at η ≈ 0.17 gives reasonable good values for all pair functions throughout the r-region (see Fig. 7 ). At a higher packing fraction, η ≈ 0.25, we observe in Fig. 8 that similar quantitative trends in g 22 and g 12 are followed by both simulations and RFA-PY solutions. However, there are discrepancies particularly severe in the values of g 11 corresponding to pairs of big particles. The strong oscillations observed in the simulation data of g 11 can be considered as a signature of a solid phase at this density [40] , which is not captured by the RFA-PY solution.
VII. CONCLUSIONS
In this paper we have extended the RFA method to multicomponent systems of hard-hyperspheres in odd dimensions. The main features of this approach are based on simple physical considerations on Laplace functionals G ij (s) of the radial distribution functions, which are closely related to the structure functions of the fluid. The basic physical requirements upon which the method is based are: (i) The radial distribution functions take finite values at contact and vanish inside the core, which implies that lim s→∞ [s We have been able to perform this evaluation thanks to the use of reverse Bessel polynomials and Fourier analysis.
The primary result of the present work has been to provide a theoretical method for the evaluation of thermodynamic and structural quantities of multicomponent mixtures of hard hyperspheres at odd dimensions. We have shown that this approach gives the exact solution of the OZ equation with the PY closure. From that perspective, our work extends, on one hand, the Lebowitz solution for 3D-sphere mixtures [80] to higher dimensions and, on the other hand, the PY solution for one-component hyperspheres [3, 7, 45, 62] to the case of mixtures.
Although the theory here developed is general and applies to any odd-dimensional, hard-hypersphere fluid with an arbitrary number of components, the results in this paper concentrate on 5D binary mixtures. We have checked that the virial (Z v ) and compressibility (Z c ) routes to the compressibility factor under-and overestimate, respectively, the simulation data, the interpolation approximation Z = The implementation of the RFA method developed here involves as many unknowns as the minimum number required by the physical conditions and that is why it coincides with the PY solution. However, as done for 3D mixtures [81] and for d-dimensional one-component systems [65] , one can go beyond the PY level by adding an extra matricial term L n+2 in Eqs. (4.2) and (4.3), and replacing I by (1 + us)I in Eq. (4.3) . The elements of L n+2 and the parameter u are free and can be fixed, for instance, by imposing given expressions for the contact values g ij (σ + ij ) and the thermodynamically consistent isothermal susceptibility χ.
We expect that the results presented in this paper can stimulate simulation studies on multicomponent systems of hard hyperspheres. We also plan to undertake the investigation of possible fluid-fluid demixing transitions predicted by the equations of state obtained here within the RFA-PY approach.
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Alternatively,
where F n is a Laplace functional defined by
From an integral relation on θ n (t) one arrives to [65]
Appendix B: Co-volume of two hyperspheres
The overlap volume of two hyperspheres of radii a and b, whose centers are a distance r = |r|, can be evaluated as
Henceforth, without loss of generality, we assume a ≤ b.
The right-hand side of Eq. (B1) is a convolution. Thus, in Fourier space Eq. (B1) reads
where we have called
Now using Eqs. (A3), (A6), and (A7), and taking into account that Θ(a − r) = 1 − Θ(r − a), we get
Therefore,
We can obtain Ω a,b (r) using the inverse Fourier transform (A2). Integration on the complex plane and the application of the residue theorem yield
4n+4 (r) are polynomials of degree 4n + 4 = 2d − 2. If r < b − a the smaller hypersphere will be fully contained within the bigger one, so that Ω a,b (r) will be equivalent to the volume of the former, i.e.,
Thus, according to (B6), the difference between the polynomials R (±a,b)
4n+4 takes the following expression (for any r)
Therefore, the final result is
(B10) Let us now obtain an explicit expression for the polynomial R According to Eq. (B7), it is the coefficient of t 4n+4 in the expansion of θ n+1 (−ta)θ n+1 (−tb)θ n (tr)e t(b+a−r) in powers of t. First, note that
Finally, the coefficient of t ℓ in the t-expansion of θ n+1 (−ta)θ n+1 (−tb)θ n (tr)e t(b+a−r) is ℓ ℓ1=max(0,ℓ−3n−2)
Setting ℓ = 4n + 4 and inserting Eq. (B14), one obtains
Thus, for example, at d = 3, 5 (respectively n = 0, 1) one finds
It can be checked that R (a,b) 4n+4 (r) admits the following structure:
where P 
with P
(1,1) n+1 (r) given by Eqs. (B7) and (B8) of Ref. [65] .
Appendix C: Properties of B(s)
The series expansion of the function φ(x) defined by Eq. (4.5) is
Therefore, Eq. (4.4) yields
where the diagonal matrices C m are
Thus, the series expansion of the matrix B(s) defined by Eq. (4.3) is
According to Eqs. (C2) and (C4),
As for the behaviors in the limit s → ∞, it is straightforward from Eqs. 
Appendix D: The Rational Function Approximation in the low-density limit
Let us consider the low-density expansions of L m and B(s),
Insertion into Eq. (4.1) yields Eq. (3.13) with
Comparison between Eqs. (3.14) and Eq. (D4) implies that
Let us consider now the matrices L 
Therefore, the RFA proposal (4.1)-(4.5) is consistent with the exact result to first order in density. 
where we have used (1 + β ′ )(1 + a) = γ. 
